Introduction
Topological insulators (TIs) are a class of materials where the bulk is a band insulator, but the surface possesses electronic states carrying electric current. 1 , 2 One unique characteristic of the surface bands is the spin-momentum locking property-electrons have a single spin state perpendicular to their moving direction (i.e., a helical spin state). This unique spin nature of the gapless surface states holds promise for new electronics applications (i.e., spintronics devices and quantum information processes), as well as for applications in energy conversion such as thermoelectrics. TI materials, mostly metal dichalcogenides with small bulk bandgaps, can be synthesized in various forms such as bulk crystals, thin fi lms, and nanostructures. Bulk crystals of topological insulators were important material platforms in the early stage of TI studies-topological surface states can be easily probed using surface-sensitive techniques despite the coexisting background bulk electrons. 3 -9 However, when it comes to electron transport essential for TI studies and applications, the dominance of bulk carriers over surface conduction becomes a signifi cant challenge. 10 -13 A tiny amount (<1%) of vacancies and anti-site defects in the crystals easily populate bulk carriers, thus masking the surface state effect in electronic transport. Therefore, the material dimensions matter in order to make use of the surface electrons' unique properties in the surface-dominant transport regime.
TI nanostructures have several unique advantages compared to their bulk counterpart. First, their large surface-to-volume ratio naturally reduces the bulk carrier contribution in the overall electron transport. 14 , 15 Second, fi eld-effect gating in nanostructures allows modulation of the Fermi level in a single device. 16 Together with enhanced surface effects, the gating control in TI nanostructures can achieve TI surface state-dominated electron transport. 17 Third, the unique morphology of nanomaterials may enable the manipulation of 2D surface states at reduced dimensions. 18 An interesting example of this is a nanowire, where its cross-section perimeter gets smaller than the electron mean free path-unusual 1D states emerge, suggesting novel topological electronic states. 18 Last, TI heterostructures can be fabricated within single nanostructures, opening the opportunity for versatile band structure engineering of the surface states.
In this review, we describe synthesis methods of topological insulator nanostructures with an emphasis on the material design to overcome material challenges. A few examples of TI nanostructure transport are presented. Finally, we briefl y discuss potential applications and future research directions of TI nanostructures.
Material design of TI nanostructures
The development of nanostructured topological insulator materials and electronic devices is very relevant to practical
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applications (see the Introductory article). A major challenge to utilize the surface properties of these materials in charge transport processes is associated with the excessive bulk carriers arising from crystal defects 19 -21 and environmental doping. 10 , 11 , 22 -24 Compared with the bulk crystals, TI nanostructures are promising systems for investigating the surface states due to the large surface-to-volume ratio. The HgTe/CdTe quantum well is the fi rst TI with a 2D form, with metallic edges wrapping around the quantum well. 25 -27 The observation of the quantum spin Hall effect in this system demonstrated the feasibility of accessing the exotic properties of TIs in low-dimensional electronic devices. 27 Extensive research efforts have led to the extension of the concepts of 2D TIs into 3D TIs with metallic states on the crystal surface protected by time-reversal symmetry. 28 -30 This largely expands the pool of TI materials. It is worth mentioning that non-trivial surface states, which are protected by crystal symmetry, have also recently been observed on the topological crystalline insulators (TCIs), Pb 1-x Sn x Se, Pb 1-x Sn x Te, and SnTe. 31 -35 The most widely studied TIs are the binary chalcogenides of Bi 2 Se 3 , Bi 2 Te 3 , and Sb 2 Te 3 , 4 -6 which possess a single Dirac cone of the surface states residing in a relatively large bulk bandgap ( ∼ 0.2 to 0.3 eV), compared to the early example of the HgTe/CdTe quantum well structure (10 meV). 27 These compounds share similar tetradymite-type structures that are formed by stacking covalently bonded molecular layers with weak van der Waals interactions. Their TI nature is further identifi ed in their solid solution Bi 2-x Sb x Te 3-y Se y for a wide range of compositions 12 , 13 , 16 , 36 -39 -a layered crystalline system with tunable composition to optimize the properties (see Figure 1 a).
As shown in Figure 1b , the weak interlayer coupling allows facile preparation of ultrathin fl akes by mechanical exfoliation of bulk crystals using Scotch tape 40 -the technique widely adopted to produce graphene from graphite. 41 The process essentially offers convenient access to TI nanomaterials with excellent quality. We further demonstrated that the concept can be generalized to exfoliate Bi 2 Se 3 nanostructures by using an atomic force microscopy tip. 42 Alternatively, the top-down exfoliation can also be performed through a solution process, which allows the preparation of large quantities of thin fl akes from bulk crystals. 43 Bottom-up synthesis is also routinely employed to prepare TI nanostructures with welldefi ned morphologies. Quasi-1D nanoribbons of Bi 2 Se 3 are often prepared in a horizontal tube furnace by a gold nanoparticle-catalyzed vapor transport process, in which the gold nanoparticle promotes 1D growth via the vapor-liquid-solid process 14 , 15 ( Figure 1c ). Solution synthesis is also employed to grow 1D nanoribbons by using a solvothermal process. 44 Two-dimensional TI nanoplates are typically produced by catalyst-free vapor transport (see Figure 1d ) or solvothermal synthesis. 45 , 46 Twodimensional nanostructures of TIs in the form of thin fi lms are synthesized using van der Waals epitaxy (see Figure 1e ) . The technique is highly tolerant of large lattice mismatch, allowing the growth of high-quality fi lms on different substrates with triangle/hexagonal lattices. 47 -51 Nanostructures of non-layered crystals, on the other hand, are primarily obtained through bottom-up synthesis. For example, quasi-1D nanowires of SnTe, a TCI with a rock-salt structure, can be synthesized through a catalyst-free vapor transport process, 52 whereas their fi lms are generated by molecular beam epitaxy. 53 The presence of non-trivial surface states in solid solutions and doped crystals allows for the compositional engineering of TIs. Low-dimension nanostructures, with their large surface-to-volume ratios, provide excellent geometries to probe the surface states. A signifi cant fraction of conductivity, however, still comes from bulk carriers in most non-doped nanomaterials. Accordingly, various dopants are frequently employed to reduce the number of bulk carriers through compensational doping. In addition, the alloying approach of parent compounds in the form of a solid solution, for example in (Bi x Sb 1-x ) 2 Te 3 , is also used to manipulate carrier type and density through compositional tuning ( Figure 2 a-c) . 16 , 39 These efforts allow access to TIs with suppressed bulk conductivity, in which the charge transport is dominated by surface states. 16 , 17 The suppression of bulk carrier density is further confi rmed by observing pronounced ambipolar fi eld effects (see Figure 2d ), in which the Fermi level is electrostatically manipulated with gate voltage. 16 , 17 The minimum carrier density of ∼ 2 × 10 11 cm -2 achieved in the Sb-doped 
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The unique morphology and dimensions comparable to the phase coherence length/mean free path of the surface electrons have led to observations of quantum interference and 1D states. Finally, proximity-induced superconductivity (i.e., the superconducting transition of non-superconducting materials in contact with a superconductor) has also been observed in TI nanostructures.
Shubnikov-de Haas oscillations
The complexity of the band structures in topological insulator materials-surface bands, bulk bands, and impurity bands-makes it diffi cult to characterize the surface state via transport. SdH oscillations provide an effective tool to characterize a single band's parameters such as the size of the Fermi surface, effective electron mass, and band dispersion.
In TI nanostructures, a number of studies have reported SdH oscillations. 44 , 54 -56 Gate-tunable SdH oscillations and 2D angle dependence of SdH oscillations have been reported, suggesting that high mobility carriers generating SdH oscillations are likely from the topological surface states. However, quantum-confi ned bulklike carriers in very thin devices or the surface doped layers may behave in a similar manner, thus requiring careful studies to diagnosis the nature of the SdH oscillations.
Aharonov-Bohm effect and 1D topological states
The Aharonov-Bohm (AB) effect is a quantum phenomenon that originates from the electromagnetic potential difference between two separate electron paths, which results in a periodic modulation of the electron propagation probability by changing the magnetic fi eld enclosed by the paths. Since the earliest demonstration of the AB effect in solid state systemsmetallic ring structures, h/e or h/ 2 e periodicity in magnetoresistance has been understood as evidence of coherent electron transport (e.g., in carbon nanotubes [CNTs]). 57 , 58 In a topological insulator nanowire device exposed to a magnetic fl ux along the long axis, all surface electrons will gain identical phase from the magnetic fl ux Φ , while bulk carriers experiencing an external magnetic fi eld would generate no regular periodicity. The fi rst AB oscillations in topological insulator nanowires were reported in Bi 2 Se 3 nanowires, 14 providing strong evidence of topological surface electron conduction in a coherent manner ( Figure 3 ). Subsequently, many other nanowires of candidate topological insulators also manifest AB oscillations, for example, Bi 2 Te 3 , β -Ag 2 Te, and SnTe nanowires. 44 , 52 , 59 In addition, AB oscillations in TI nanowires suggest a different type of electronic band structure made of the surface electrons-1D states of the topological surface states. 60 , 61 When the surface electrons' mean free path exceeds the circumference of the nanowire cross-section, momentum quantization brings one-dimensional subband formation out of 2D surface electrons. Interestingly, these 1D subbands can be periodically modulated by a magnetic fl ux, giving magnetooscillations in conductance ( Figure 4 a-b) . Unlike the 1D subband formation in the "graphene to CNT transition," the surface electrons on TI nanowires have an additional phase factor ( π ) from the spin-momentum interlocking nature, which is known as the spin Berry phase (spins of the surface electrons make a 2 π rotation along the nanowire circumference and acquire π phase due to electrons' fermionic nature, spin = 1/2). Thus, all the 1D subbands of surface electrons are gapped at zero magnetic fi eld. However, the magnetic half quantum fl ux ( Φ = h/ 2 e ) restores a gapless 1D mode. A recent experiment by Hong et al. indeed showed such a gap closing transition tuned by a magnetic fi eld ( Figure 4c ) . 18 A more detailed study of the gapless state at Φ = h/ 2 e revealed that it is robust against additional impurities, strong enough to suppress most quantum interferences, but it can be easily destroyed under time-reversal symmetry breaking (i.e., perpendicular magnetic fi eld).
Superconducting proximity eff ect
Proximity-induced superconductivity in TI nanostructures is one of the most intensely studied topics in TI electron transport, as the interface between a TI and a conventional superconductor (SC) can generate many exotic phenomena such as a Majorana fermion, a quasi-particle excitation that becomes its own anti-particle. 62 -64 The Majorana fermion is interesting not only in the context of fundamental scientifi c interest, but also in novel electronic applications of quantum information processing. Nanodevices made of TI nanomaterials can easily accommodate proximity-induced superconductivity by depositing superconducting metallic electrodes. Several groups have reported the superconducting proximity effect in TI nanostructures 54 , 65 -67 and have confi rmed that the supercurrent is carried via surface states. 66 The confi guration of TI Josephson junctions, SC-TI-SC junctions where two SC materials are weakly linked via a TI material, are used to probe Majorana fermions in the superconducting TI devices. 67 Despite many experimental challenges, continuous progress in TI superconductivity suggest novel device realization in the coming years.
Applications and future perspective
Spin-textured surface states are attractive for novel electronics. The spin-momentum locking nature of the surface electrons suggests an electrical manipulation of spin currents, which is naturally desirable for spintronics applications. One of the practical challenges is spin injection from ferromagnetic contact to TI materials, requiring further experimental efforts in interface engineering. TI materials (i.e., Bi 2 Te 3 ) are also well known for their superior thermoelectric properties. 68 The thermoelectric fi gure of merit is expected to be improved by making use of surface states decoupling with electronic heat conduction. In particular, TI nanowires and nanoplates are ideal material forms for thermal transport measurements in suspended geometries ( Figure 5 a) and are expected to enhance thermoelectric performance. 69 , 70 The layered structure of Bi 2 Se 3 , Bi 2 Te 3 , and their alloys imply that TI nanostructures can be broadly defi ned as 2D materials. Combined with many other 2D atomic crystals, TI nanostructures provide building blocks for 2D van der Waals heterostructures 71 with unique electronic states. A few examples of transparent electrodes demonstrate how TI nanomaterials can be used for applications like many other 2D layered materials ( Figure 5b ). For example, the surface states in Bi 2 Se 3 will enhance the electrical conductivity of the electrode material, while the thin fi lm of Bi 2 Se 3 maintains high optical transmittance over a wide range of wavelengths. 47 The layered structure with van der Waals gaps is an interesting playground for intercalation. Chemical intercalation of metal atoms and organic molecules into TI nanomaterials has been reported; 72 -74 some metal atoms/ions (i.e., zero-valence copper) can be intercalated up to 60% in atomic percentage, modifying electronic and optical properties ( Figure 5c ). The chemistry and electrochemistry of TI nanomaterials has not been fully developed yet, but more in-depth studies are expected in the future.
Here, we briefl y reviewed the progress in TI nanostructures over the last few years. Despite their short history, TI nanostructures have provided many intriguing examples of both fundamental studies and applications. As more device applications of TIs develop, TI nanostructures will gain more interest. This fi eld is fertile ground for both physics and applications for years to come.
